Abstract. We study the ergodic properties of quantized ergodic maps of the torus. It is known that these satisfy quantum ergodicity: For almost all eigenstates, the expectation values of quantum observables converge to the classical phase-space average with respect to Liouville measure of the corresponding classical observable.
Introduction
One of the central problems of \Quantum Chaos" is the question of the asymptotic behaviour of eigenmodes of classically chaotic systems in the semiclassical limit. In particular, one wants to nd their limiting \mass distribution" in a suitable sense.
Consider for instance the geodesic ow on a compact Riemannian manifold M (or rather, on its co-tangent bundle), whose quantum A celebrated result in this direction is \Schnirelman's theorem" 1 which says that if the ow is ergodic then these expectations converge to the phase-space average of the classical observable f, for all but possibly a zero-density subsequence of eigenfunctions. This phenomenon is commonly referred to as quantum ergodicity 2 . There are no examples where it is known if there are any exceptional subsequences. The case where there are none is referred to as quantum unique ergodicity (QUE) 15, 13, 10] .
In this paper, we consider a compact model of the above situation, where the dynamics, instead of taking place in the co-tangent bundle, occurs in a compact symplectic manifold, namely the 2-torus T 2 . The (classical) evolution is then given by iterating a symplectic map of the torus.
In order to quantize such a map, one looks for a Hilbert space of statevectors of the system, which are required to be periodic in both position and momentum representations. This constrains Planck's constant h to be an inverse integer: h = 1=N, and then the state space H N is nite dimensional, of dimension precisely N. The semiclassical limit is now N ! 1. By means of an analogue of Weyl quantization, one de nes quantum observables Op N (f) corresponding to smooth classical observables f 2 C 1 (T 2 ).
Given a symplectic map A of T 2 , the quantum evolution is given by specifying a unitary operator U N on the state space H N , which satis es a version of the \correspondence principle" (Egorov's theorem):
where f A( p q ) = f(A( p q )), that is one requires that in the semiclassical limit, quantum evolution becomes classical evolution. The analogue of eigenmodes are then the eigenfunctions of the propagator U N .
The main focus in the literature has so far been on hyperbolic transformations of the torus, the so-called cat maps 7, 11, 4, 5] , to which the proof of Schnirelman's theorem 16, 17, 1] can be adapted to prove quantum ergodicity, but not QUE 2, 18] . Assuming the Generalized Riemann Hypothesis, Degli Esposti, Gra and Isola 5] found an explicit in nite (though sparse) subsequence of values of N, for which they show that the expectation values for all eigenfunctions 2 H N converge to the phase space average.
Here, we will study a parabolic map of the torus (also called a skew translation), which is speci ed by choosing a real number , and then de ning 3 A : p q 7 ! p + q + 2p mod 1: When = 0 the motion is clearly integrable as p is a constant of the motion. For rational values of , the map is \pseudo-integrable" in that the dynamics of the map on an orbit can be identi ed with an interval exchange transformation. For irrational, the map is ergodic and in fact it was found by Furstenberg 6 ] to be uniquely ergodic. These maps possess no further \chaotic" properties; for instance they are not mixing.
We propose a quantization procedure that at each value of N, replaces by a rational approximant a=N, and then construct a unitary propagator U a;N on H N which satis es an exact version of Egorov's f(p; q) dp dq; N ! 1:
3 For a technical reason we shift q by 2p rather than p.
That is the parabolic map A satis es quantum unique ergodicity. This is the rst known example of QUE.
The remainder of our paper concerns the rate of convergence. We take approximants so that j ? f(p; q) dp dqj 1 N 1=4 : Thus for badly approximable , Corollary 4.3 is sharp. Moreover, unlike the situation with badly approximable , we can construct irrationals for which the rate of convergence in Theorem 1.1 is arbitrarily slow, e.g. slower then 1= log log log N (Theorem 6.2). describing the state of the quantum particle has to be nite as well, and is precisely given by N = V=h.
In the case of the torus T 2 , we take state vectors to be distributions on the line which are periodic in both momentum and position We have Op N (f) = Op N ( f) and hence Op N (f) is self-adjoint for real-valued f.
The connection of these quantum observables with the \classical" translations of the torus 
On the other hand,
and the bound e( n 2 ) ? e( a N n 2 )j j2 n 2 j ? a N concludes the proof of the statements concerning t 1 . The results for t 2 follow accordingly. is now used to de ne an alternative quantization (a variant of the \anti- ; t)):
We have G N (0) = 1 by Poisson summation and the de nition of C N . It is easy to see that G N and its derivatives are bounded uniformly in N by rapidly decreasing functions of t. Moreover, G N (?t) = G N (t) is even as is easy to see using h is even and the bilinearity of !. Thus expanding G N (t) in a Taylor series at t = 0 and noting that since G N is even, the rst order terms are missing, we nd that for jtj 1, G N (t) = G N (0) + O(jtj 2 ) = 1 + O(jtj 2 ): Therefore since the Fourier coe cients b f(k) are rapidly decreasing, )t ?n 2 1 t n 1 2 :
The Fourier coe cients of f A 0 are, however, exactly b f(n 1 ? 2n 2 ; n 2 ), and our proof is complete. To see this, note that the space of probability measures on T 2 is compact, and hence any sequence of probability measures has a convergent subsequence. Thus the sequence N; has a limit point, which is a probability measure. Any such limit point is then invariant under the map A by Egorov's theorem (Theorem 3.1). For irrational , the map A is uniquely ergodic which forces = . Thus Lebesgue measure is the unique accumulation point of our sequence. This forces N; ! , otherwise there would be a neighborhood of which excludes in nitely many N; . But then these latter would have to contain a convergent subsequence whose limit would not be | a contradiction. f(p; q) dp dq f; N ?1=4+ for all > 0. In particular the multiplicity of ;l is exactly #f 0 mod D 0 : ( 0 ) 2 = 2 mod Dg; which is independent of l. As The \partial convergents" p n , q n are de ned through the recursion p n+1 = a n+1 p n + p n?1 ; q n+1 = a n+1 q n + q n?1 ; n 1 (6.4) with initial conditions p 0 = a 0 , q 0 = 1, p 1 = a 1 a 0 + 1, q 1 = a 1 . We have p n q n = a 0 ; a 1 ; a 2 ; : : : ; a n ]:
The partial convergents satisfy the relation p n q n?1 ? p n?1 q n = (?1) n?1 ;
from which it follows that p n and q n are co-prime, and that q n?1 and q n are co-prime. In particular at least one of q n?1 , q n is odd. p n q n (the limit exists by virtue of (6.5)). It de nes an irrational number. Conversely, for any irrational , set 0 = , and for n 0 de ne integers a n and reals n+1 > 1 by n = a n + 1= n+1 . The integers a n 's are called the \partial quotients" of , and are positive if n 1. Then = a 0 ; a 1 ; a 2 ; : : : ; a n?1 + 1 n ] = a 0 + 1 a 1 + . . . + 1 a n?1 + 1 n :
We have = n+1 p n + p n?1 n+1 q n + q n?1 and ? p n q n = (?1) n q n ( n+1 q n + q n?1 ) :
In particular, since n+1 > a n+1 and q n 1 one gets j ? p n q n j < 1 a n+1 q 2 n : (6.6) 6.4. Proof of Theorem 6.1. By Proposition 6.3, given it su ces to nd arbitrarily large N and approximants j ? a=Nj < 1=N so that M = N= gcd(a; N) is odd and satis es N = M 2 . To do so, let b M = pn qn be a partial convergent with M = q n odd. Since at least one of q n?1 , q n is odd, there are in nitely many such M. Set N := q 2 n = M 2 ; a := p n a n ; so that D := gcd(a; N) = q n . We have j ? a N j = j ? p n q n j < 1 q 2 n = 1 N ; so all our requirements are satis ed. This proves Theorem 6.1.
6.5. Proof of Lemma 6.4. We begin with a construction of an irrational:
Lemma 6.5. Given any positive increasing function F(x) there is an irrational so that there are arbitrarily large q n and approximants p n =q n so that F(q n ) a n+1 q 2 n and j ? p n q n j < 1 F(q n ) : Moreover, we can require that q n are all odd. Proof. We de ne through its continued fraction expansion, that is via the partial quotients a n . Set a 0 = 0, and a 1 1 to be integer with a 1 F(1). We de ne the partial quotients a i inductively: Given a 0 ; a 1 ; : : : ; a n , we get the partial convergents p n , q n , and now choose a n+1 to be an integer so that a n+1 F(q n )=q 2 n . Set = a 0 ; a 1 ; a 2 ; : : : ]. Then from (6.6) j ? p n q n j < 1 a n+1 q 2 n 1 F(q n ) ; by our choice of a n+1 . Since at least one of every pair of consecutive q n 's is odd, we get in nitely many p n =q n satisfying our requirements.
To conclude the proof of Lemma 6.4 , that is to nd the required , set G = g 2 , which is increasing. Then let F = G ?1 be the inverse function to G which exists since G is increasing, and is positive. Using Lemma 6.5, we construct an irrational whose partial convergents satisfy j ? p n q n j < 1 a n+1 q 2 n 1 F(q n ) : Now take n so that q n is odd (there are in nitely many such n's) and set M := q n , b := p n (these are co-prime), and N = a n+1 q 2 n ; a = a n+1 q n p n so that D := gcd(a; N) = a n+1 q n , and j ? a=Nj < 1=N. Finally, M G(N) = g(N) 2 because F(q n ) a n+1 q 2 n = N and since G is increasing, M = q n = G(F(q n )) G(N) = g(N) 2 as required.
